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Nominal syntax Nominal data types are data types in which binders of the object language
are typed using a special type former called name abstraction, which we write @N — — and which
has been axiomatized in various ways. Intuitively a’ : QN — A is a term of A that may mention
freely a freshly chosen name. Nominal data types can also feature a type of names Nm in their
signature. The following data type is the nominal syntax of the untyped A-calculus.

data Ltm (j : nat) : U indLtm : (P : Ltm j — U) — (Vk. P(env k)) —
env : Fin j — Ltm j ((n : Nm) — P(var n)) —
var : Nm — Ltm j (Va b. Pa — P b — P(app a b)) —
app : Ltm j — Ltm j — Ltm j (Vg. ((x:@QN) — P(g x)) — P(lam g)) —
lam : (@GN — Ltm j) — Ltm j Vt.P t

Nominal data types can not be expressed in standard type theory and require a stronger metalan-
guage. Yet they offer several advantages as a representation of syntax. First, a-equivalent terms
are definitionally equal, a consequence of how QN — — is axiomatized. Second, nominal data
types have a (closed) induction principle (e.g., indLtm). Third, by contrast with the De Bruijn
representation, weakening by a name simply means extending the context with that name, and
all programs in the metalanguage are automatically stable under this operation. Fourth, formal
reasoning with nominal syntax can sometimes match on-paper reasoning [Urb08].

Nominal frameworks Nominal frameworks [SS04, Chel2, SPG03, PMD14, Pit03] are meta-
languages attempting to support fresh name binding and ideally nominal data types. Nominal
frameworks can decide to axiomatize the name abstraction type former in either a positive (nota-
tion @N - —) or in a negative fashion (notation @N —o —). The two presentations are semantically
equivalent [SS04] but syntactically have different pros and couns.

If the positive presentation is used, a name abstraction a’ : @N - A can be understood as a pair
up to a-renaming o' = (x,a) where z is bound in a, i.e. z is fresh in (z,a). This presentation is
convenient since the user is allowed to deeply pattern match on such binding name-term pairs, an
ability that we call nominal pattern matching. For example defining a function f out of the Ltmj
data type would involve writing a pattern matching clause like f(lam(x,t)) = rhs(z,t) where x
can be mentioned in rhs. However the typing rules of the positive presentation are inconvenient
because one can only eliminate a pair (x,t) into a term/type for which z is fresh. Intuitively this
is to prevent rhs(z,t) =  which outputs different results for a-equivalent pairs.

If the negative presentation is used, a name abstraction a’ : QN — A is rather treated as an
affine function, i.e. a function from the @N (pre)type with an extra side condition asserting that
it can only consume fresh variables (z : @N). The inference rules (see fig. 1) of this presentation
are straightforward to specify, yet the ability to pattern match is seemingly lost.

Contributions We propose! nullary (0-ary) internally parametric type theory (nullary PTT)
as the foundation for nominal dependent type theory (nominal TT). One way to understand n-ary
PTT is to compare it to cubical type theory. While cubical type theory is a language intepreting
in higher groupoids, n-ary PTT is a language intepreting in higher n-ary reflexive graphs.

Our nominal TT is obtained as a modest extension of Cavallo and Harper’s (univalent and)
parametric type theory [CH21] (CH type theory) where we replace the arity n = 2 by n = 0. In
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short, nominal TT = nullary PTT + name induction + nominal data types. More precisely, firstly,
we show that nullary PTT in itself already supports important features of nominal frameworks:
(1) Negative name abstraction types have exactly the same rules as nullary bridge types. (2)
A freshness type former is given by the Gel type former, which in general turns n-ary relations
into n-ary bridges in the universe. Indeed, for n = 0, if (z : @N) € T', then I" - Gel Az can be
understood as “the A’s for which z is fresh” (see GELI rule from fig. 1). (3) Additionally we can
implement positive name abstractions, a name swapping operation and the local-scoping primitive
v of [PMD14] (roughly, the latter primitive is used to witness freshness). Secondly, to express
nominal data types we need a proper, cartesian type of names - Nm. It comes equipped with a
novel dependent eliminator indyy, called name induction, which expresses for a term I' = n : Nm
and a bridge variable x in I', that n is either just x, or x is fresh in n. In the rule for indym,
freshness is expressed typally using a Gel type. Finally, we allow nominal data types such as Ltm j
above, whose constructors can take recursive arguments in which new, fresh names are bound.

Nominal TT is sound as it interprets in the expected bicubical set model (presheaves over
(nullary) affine cubes x cartesian cubes, similar to CH). There is currently no implementation of
the theory tough such an implementation could be quite similar to [VND24].
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Figure 1: Bridge, Gel and Nm. T'\ z removes from T" the variable 2 and everything to its right.
The forget function in NmE uses the extent primitive ext from nullary PTT (not presented).

Using the theory A useful set of theorems to reason about nominal syntax in nominal TT is our
Structure Abstraction Principle (SAP). The SAP at a (dependent) type A explains how the Bridge
type former and A commute. Here are some proved instances of the SAP: (GN — (A — B)) ~
(@GN — A) — (@N — B), (QN — U) ~U, (QN — Nm) ~ 1+ Nm, (@N —o Ltm j) ~ Ltm (j + 1).

Programming and reasoning with nominal syntax in full generality is possible in nominal TT,
thanks to the presence of nominal recursion/induction (see e.g. indLtm). In particular, from the
type of nominal recursion, defining a function f by matching (non-deeply) on a binder involves
recursively calling f under its “intervalic” parametricity (QN — f) := A\d'z. f(d'z) : (QN —o
D) — @QN — F (and often using the SAP at E to proceed). Since the definition of f uses @N —o f|
proving f correct often involves proving that @QN — f is propositionally equal to another term
obtained recursively from f, the observational parametricity (i.e. param. translation) of f.

Nominal induction can emulate nominal pattern matching (up to prop. equality). Matching on
a pattern with binder depth n involves using the n-fold iterated parametricity of f. In observational
nominal T'T, nominal pattern matching would be recovered up to definitional equality.
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