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In type theory, universes allow to treat types as proper terms and use them as such, while
avoiding common paradoxes. Their presentations vary, from implicit systems to more explicit
versions with a type of codes U and a decoding family El. Many of the notable discrepancies
between different accounts of universe hierarchies come down to the question of cumulativity,
which asks:

Given ¢ < j and term I' = M : U;, is there some term I' - M’ : U; such that
I'FElL;(M') =El,(M) type?

In systems like Lean and Agda, the hierarchy is explicitly non-cumulative. There are technical
reasons why non-cumulative hierarchies are prefered, including difficult implementation prob-
lems such as the contention between higher-order unification and subtyping coercions. From
the semantics side, non-cumulative hierarchies are compatible with a broad range of models,
including all Grothendieck oo-toposes [10], whereas this does not (yet) support cumulativity.

In practice, people often use cumulative universes, especially in Homotopy Type Theory
and Univalent foundations Program [9]. We aim at clarifying the state of affairs and to bridge
the gap between the theory and implementation of universe hierarchies.

Design of cumulative hierarchies. In a cumulative hierarchy, a new lifting constructor
is added that allows codes from one universe to be lifted to a higher one. Then, we need to
require this lifting to be “functorial” in the preorder of universe levels, and “natural” in the sense
that it should commute with all built-in type constructors [1]. Part of our work substantiate
this in a technical sense, working internal to a conservative higher-order extension of the logical
framework of second-order algebraic theories [5]. When presenting this system with inference
rules, it ends up being quite verbose (here we don’t even show all the rules):

i,j:lvl i <j M:EIU) i:Lvl M :EI(U;)
el;(1JM) =el;(M) : Tp MM = M : EI(U;)
ijk:Lvl  _:i<j  _:j<k M:EI(U;) i,j:Lvl it <
ThIM =15 M : EI(Uy) el;(ul) =U; : Tp
M :EI(U;) N :El(el;(M)) — EI(U;) i, g krlvl it < i j<k
el;(mi (M, N)) = I(el; (M), \z. el;(N(z))) : Tp thul = uf : EI(Ug)
i,yj:lvl  _:i<j  M:ENU;) N :El(el;(M)) — EI(U;)

(i (M,N)) = m; (1] M, Az 1] N (2)) = EI(U;)
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However, we observe that in this setting, we can prove from a normalisation by glueing
argument that the decoding maps are monomorphism el; : U; — Tp. In light of this, we might
revisit the design of the cumulative hierarchy to take this injectivity property as a primitive
rule such that the functoriality and naturality rules for the lifting operation become redundant!
We can also go further by introducing a judgemental notion of smallness that axiomatises the
image of the decoding family.

A judgemental notion of smallness. Our proposal is to take the injectivity of decoding
seriously, and simply replace U; with its ¢mage in the class of all types. In type theory, this
amounts to defining a judgemental notion of smallness I' = A small; which should be closed
under the type connectives:

DFUN-SMALL UNIV-SMALL SMALL-MONO
' Asmall;, T,z:AF Blz] small; i<y -i<j T+ Asmall
'k (z: A) — Blx] small; I' F U; small; I'F A small;
UNIV-INTRO UNIV-ELIM UNIV-BETA UNIV-EXT
I'F A small; I'FM:U; I'F A small; TH 1M =1N type
'-4;A:U; I'EM type, 1M small I'-1iliA = A type T'FM=N:U;

Smallness is here formulated as a “synthetic” judgement in the sense of Martin-Lof [8].
We could (and later shall) equivalently formulate smallness analytically as p :: A small; with
subject p ranging over smallness witnesses, with an additional rule asserting p = ¢ :: A small;
for all p,q. This shows that our formulation can still be presented in an algebraic way. In fact,
our rules for universes are parametric in any notion of smallness.

Syntactic equivalence of the smallness calculus. We show that the simplified calculus
with judgemental smallness is equivalent to the more complicated natural hierarchy. This has
consequences for both theory and practice:

1. Theory: We can interpret the very convenient type theory with judgemental smallness
into semantic models of cumulative hierarchies without requiring the model to satisfy
injectivity laws, as these can first be eliminated our syntactic equivalence.

2. Practice: The smallness calculus offers many simplifications for practical implemen-
tation, because many equational rules are replaced by a very small collection of easily
programmed rules. Our proposal is to elaborate to this algebraic core calculus, as would
be needed in order to justify the adequacy of the formalism as a tool for proving things in
standard mathematics. This has been effectively implemented in a practical system [11].

Additionally, the smallness calculus admits a particularly simple account of inductive
datatypes, including large ones. Our methodology presents a judgemental presentation of cu-
mulative data type descriptions, following the work of Dagand [4].

There are still open implementation problems, related to unification and scheduling with
the coercion mechanism. It alls stems to the following fact : solving & = A by taking o = A is
the least general solution for our coercion system. Since the problem is postponement, we believe
that extending the algorithm of Kovdcs [7] to the coercions induced by cumulativity should
improve the behaviour of the system, but this has to be tested in a practical implementation.

Related work. Our proposal is similar to that of Coquand [2], except that we retain a top-
level notion of “large” type, and we retain the judgemental /syntactic distinction between types
and terms. We note that several others have given a directly structural account of “universes
a la Coquand” without introducing a top level of types; see for example the work of Gratzer
et al. [6]. Our presentation is also quite similar to the one in Coquand et al. [3].
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