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Main Idea

¢ Simplicial Type Theory (STT)
(E. Riehl, M. Shulman, D. Gratzer, ]. Weinberger, U. Buchholtz,)
® [U] =Psh(A)
® (oo, 1)-categories = Complete Segal Spaces.

® Cellular Type Theory (CellTT)
(Using C. Rezk ®-Spaces + F. Loubaton Thesis)
¢ [U] = Psh(O®)
® (0o, w)-categories = O®—Spaces.



The category ©
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The category O

® Objects: Pasting schemes.

N

® Morphisms: Morphisms of strict w-categories.
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Some objects of ©
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The category ©
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A combinatorial description of ®

® Objects are lists of objects.
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® Morphisms:
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The problem of hom types
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Hom Types in STT
In STT:
homa(x,y) = Y (FO=x)x(fl=y)
fi1=A
X y
Then:

homhomA(x,y) (/[/ g) = Z

X —8—— 1y



The problem of hom types
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Does not generalize to ©®

Il =X(0y)
2-cells of I? are pairs (x, y) of 2-cells of I.
x, y are invertible = (x, y) too.

Hence I? is 1-categorical

homa(x, y) # Lssa (fO=x) x (f1=1y)



The problem of hom types
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Another approach

Workaround:

Psh(©) 1 Psh(©),..

Two subgoals:
® Defining a suspension $.

® Postulating the adjunction.



Crisp Type Theory
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($ < hom) adjunction

(A — homg(x, y)) # ($A —ee (B, X, y))

internal hom internal hom

»(A — homp(x, y)) = H($A —ee (B, X, ¥))



The b modality

A=zU ~ [A] € Psh(O)

AU~ DA] = [A](%)



Crisp Type Theory
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Semantic of b




Crisp Type Theory
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Crisp Type Theory

Why Crisp Type Theory ?

Because b is not “continuous”.
Two kinds of hypothesis:

continuous X:U,x: X
crisp XaoU,x:X

I-=X:U
T|-=bX:U



CellTT
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CellIT = HoTT + Idempotent comodality + Axioms

Crisp Type Theory



CellTT
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Pasting Schemes

PS : Set

pasting schemes: { ] : Array PS — PS

morphisms: P —pg Q : Set (P, Q: PS)

$:PS — PS

suspension: { P = [P



CellTT
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Yoneda Embedding

Yoneda: X:PS —U
XzU ~ Xp:=b(&(P)— X)
f::X—)Y WfP:XP%YP

U:P—>psQ ~ O'*ZXQ—>XP



CellTT
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Some Axioms

Equivalences are pointwise

(H iS-GQUiV(fp)> — is-equiv(f)

P:PS

& is fully faithfull
(-)p preserves colimits
Y. p.ps Y ex, £P) — X is an effective epi ((—1)-truncated)
P P

b-discreteness is cellular discreteness:

is-equiv(bX — X) > [ [ is-equiv(X — (&(P) — X))
P:PS



CellTT
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Suspension

We extend $ to U.
® L($P) = $(&P)
o [fP— [Pl, Py, .- ,Pn]i

s g)

i:Fin,

Py, Pig P; o Piy1,+, Py



CellTT
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Hom Types

We postulate an adjunction

p(A — homp(x, y)) = b($A —ee (B, x, ¥))



Cellular Realization

[[P1, -+, Pul| :=
colim N ‘/ \W ’/ \../ \$|P|



CellTT
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Segal Types

We define a map |P| — kP
We define is-Segal:

b(&P — X) — b(|P| = X)



CellTT
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(00, w)-categories

As in Riehl-Shulman STT, there is a completeness condition.
is-complete(X)

(00, w)-categories = complete Segal Types.

(00, w)-Cat = ) _is-Segal(X) x is-complete(X)
XU



What's next ?
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What's next ?

Main goal: Proving a Yoneda Lemma.
® Defining a well-suited notion of fibration

® Working out properties of Segalness and completeness

Currently:

is-Segal(X) — [ [ is-Segal (homx(x, y))
x,y:X



Thank you !

Questions ?



	The category bold0mu mumu 
	The problem of hom types
	Crisp Type Theory
	CellTT
	What's next ?

