Towards computing the second stable homotopy group of spheres in HoTT
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Homotopy theorists have studied the homotopy groups of spheres for nearly a century [Whi83]. In
1938, Pontrjagin announced that 7,S* 2 Z/2Z [Pon38a] and that m6S* = 1 [Pon38b], but the latter
was incorrect. Whitehead corrected the error in 1950, proving that 76S* = Z/2Z [Whi50]." Here, we
argue in HoT'T that at least one of them was right: we show that 74S* 22 Z/nZ for some n € {1,2}.

We proceed by constructing an exact sequence similar to Whitehead’s ‘(metastable) EHP’? se-
quence [Whi53; DH21]. Our main theorem, Theorem 1, is a HoTT analogue of a result due to
Gray [Gra73, Corollary 5.8] which allows us to refine the long exact sequence of homotopy groups asso-
ciated to the so-called ‘pinch’ map. This gives an exact sequence (1) which appears to generalise (and
extend) Whitehead’s EHP sequence, though we have not proved this yet. Homotopy theorists working
in spaces have recently applied related but more sophisticated methods, see [YMW24; ZJ24; Zhu24].

We work in informal ‘book’” HoTT [UF13]. We rely on previous computations of homotopy
groups of spheres in HoTT [LS13; LB13; Brul6]. We intend to mechanise our argument in Cubical
Agda [VMAZ21], relying on Ljungstrom and Mortberg’s recent refinement and mechanisation [LM24] of
Brunerie’s computation of 7,S® [Brul6], and the rest of the ‘Cubical’ [Cub24] Agda [Agd24] library.

The basics In what follows, all types are taken to be pointed and we write ag : A to denote
basepoints. We denote the join of A and B by A *x B and define it as the pushout of the span
A+ A x B — B. We always take it to be pointed by inl(ag). Furthermore, we remind the reader that
3 A denotes the suspension of A — the higher inductive type with two point constructors N,S: XA
and a path constructor merid : A — N =S. An important map associated with suspensions of pointed
types is 04 : A — Q(2A) which we define by o4(a) := merid (a) - merid (ag) . We will also need
cofibres: cofiby denotes the the cofibre of a map f, i.e. the pushout of the span 1 < A ENS'S Finally,
given a pointed function f : A > B, we write ap} : QA — QB for the induced map on loop spaces.

The fibre of the pinch map The homotopy group computation we are planning on carrying out
boils down to understanding the fibres of one particular map, pinch; : cofiby — XA, called the pinch
map of f: A — X. Its definition is simple:

pinch(inl(x)) := N pinch(inr(z)) := S 3Ppinch, (push (a)) := merid (a)

The pinch map is important because it allows us to mediate between two classes of spaces at the
heart of homotopy theory: (arbitrary) cofibres and suspensions. We will show that when A and X are
suspensions, the fibre of the pinch map can be approximated as the cofibre of a certain (generalised)
Whitehead product [Whi4l; Ark62]. Let us recall how Brunerie [Brul6] defined these in HoTT. Given

pointed maps f : A 2 C, g : ¥B % C, we define their Whitehead product [f,g] : A B % C as
follows:

[f:9] (inl(a)) :=co [f,9](inr(D)) :=co  apysq(push(a, b)) := apg(ap (b)) - ap}(oa(a))
With this, we can state and prove our main theorem (a HoTT version of [Gra73, Corollary 5.8]).

Theorem 1. Let f: XA 2 XX where A and X are pointed and suppose that A is (a — 1)-connected.

There is a 2a-connected map y : cofiby, — fib, where o is the Whitehead product [ids x, f] : X+ A A1, ¢
and p is the pinch map pinch; : cofiby — Y2A.

IPontrjagin [Pon50] also corrected the error in 1950 [nLa25].
20ne form of EHP sequence was constructed in HoT'T by Cagne et al. [Cag+24], although it differs from ours.



Proof. We construct v by first re-expressing its domain and codomain as pushouts. This will allow us
to obtain 7y from a map of spans. We consider the diagrams to the bottom right. First, the fact that
square (a) is a pushout square is an easy consequence of
the flattening lemma [UF13, Lemma 6.12.2]. The map

(z,p)—osalz)p

/ OY2 / 2 /
W in square (b) is easy to define such that a = fold o nA X A A
(id VvV f) o W and we refer to [Brul6, Proposition 3.3.2] £xid] ‘ (a) - i
for its definition and for the fact that squares (b) and ~ 2X x O¥7A fib,,
(b) + (d) are pushout squares. By pushout pasting, this
gives that (d) is a pushout square.® The fact that (c) is Ay A foldy s

a pushout square is straightforward. Finally, by another

: . fvid| (c) 1
pushout pasting, we find that the composite rectangle r

X+sA-Y 3y XVvyA —— %X

(¢) + (d) is a pushout square. Thus, we let v be the map ) .,
of pushouts induced by the map of spans (v, Ym, V) as i ®) L) l @ i
described in the third diagram to the right. We define: I ——— YX x YA — cofiby

= = Vo=
Yz, y) = (x,054y)) Ym =MoL Y i=0xa SX X A SAVEA s A

It follows from the Freudenthal suspension theo- WL bm br
rem [UF13, Theorem 8.6.4] that ox4 : A4 — QY24 $1¥ « O3N24 « YA x OV2A4 — O32A

is 2a-connected (using that ¥ A is a-connected). Further-

more, the wedge inclusion ¥ appearing in the definition of 7, is 2a-connected [UF13, Lemma 8.6.2]. Tt
follows that 7;, v, and +, all are 2a-connected and, hence, so is the induced map ~ : cofib, — fib,. O

Now, let p and « be as in Theorem 1 and let A be (a — 1)-connected and X be (x — 1)-connected.
Let us investigate what happens when we instantiate the long exact sequence of homotopy groups
[UF13, §8.4] with the fibration sequence fib, — cofib; — 3 A. We obtain the long exact sequence

c = a1 (B2 A) O, T (Fy) — o, (cofiby) EAN T (52A) h) 1 (Fn_1) = ... (1)
where Fro<zio =YX Frta<n<2q = cofibg Fouen = fiby.

The above sequence follows by replacing fib, by cofib, in low enough dimensions, using Theorem 1.
The reason we can in turn replace cofib, by XX in the ‘metastable range’ n < x + a is an easy
consequence of the connectedness of X.

Application to homotopy groups of spheres Let us put our sequence to the test. It gives us a
characterisation of the unstable homotopy group 75S®, and therefore also of the stable homotopy group
76S* (the fact that these coincide follows from the quaternionic Hopf fibration [BR18, Theorem 4.10]).

Corollary 1. There is an integer n € {1,2} such that m5S® = 716S* = Z/nZ.

Proof. We instantiate (1) with A :=S?, X :=S', f := [idg2,idg2] : S* = S?, @ =2 and z = 1. In this
situation, we have a pretty good understanding of the spaces appearing in (1). First, Brunerie [Brul6]
showed that cofiby ~ J5S?%, where J,S? denotes the second James construction on S* — a type which,
in particular, satisfies 7,,J2S? 22 7rn+1S3 for n € {3,4}. Second, we know what cofib,, is: indeed, we
have o := [idg2, [idg2, idg2]]. Now, we know that [idg2, idg2] = 42k, where h : S* — S? is the Hopf map
(i.e. the generator of m3S* [Brul6; LM24]). Using bilinearity of the Whitehead product (proved in
unpublished work by Ljungstrom [Lju24]), we get o = [idgz, £2h] = £2[idgz, h| which must vanish in
74S? due to 2-torsion. Thus, cofib, is the pushout along a constant map. This gives us an equivalence
cofib, ~ S? v S° (which agrees with S% on m4). Modulo these characterisations of cofiby and cofib,,
our instance of (1) provides us with the following exact sequence.

m5S* Ga, 8% — 758° — m,S* Ys, 8% - mS? =1 (2)

By nature of the groups involved, the homomorphism 95 : m4S* — 7352 must be either injective or 0.
If it were 0, then (2) would give us an injection m3S? — m,S* which is impossible due to 2-torsion
in the codomain. So 93 is injective. This means that the second map in (2) is surjective, which
implies that 75S® 2 74S?/Im (9,). The statement then follows immediately from the isomorphisms
73St = 1,8% = Z/2Z [Brul6). O

Yet another Brunerie number... Fortunately, we do not expect it to be too difficult to prove
n = 2. We conjecture that trivialising a certain Whitehead product should suffice, and there are direct
approaches to this in HoTT [LM24, §6] — but that is a topic for a future talk.
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