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We introduce Propositional Geometric Type Theory, an extension of Martin-Löf Type Theory
(MLTT) in which types correspond to generalised classifying spaces of propositional geometric
theories.

Motivation Grothendieck toposes can be seen as generalised spaces [5, 6], as well as well-
behaved categories which can serve as a semantic setting for MLTT [4]. A geometric theory
is a collection of axioms in a restriction of infinitary first order logic. It is well-known that
toposes classify geometric theories in the sense that for every geometric theory T there is a
topos [T] such that models of T in an arbitrary topos E correspond to geometric morphisms of
type E → [T]. Conversely, every topos classifies a geometric theory [2]. The ubiquity of toposes
in various areas of mathematics, as well as their dual nature of being both geometric and logical
objects make them worthwile objects of study.

The interaction between the internal type theory of a topos and the theory it classifies
together with the geometric morphisms it generates is currently not sufficiently well understood.
This limits the extent to which we can transfer results from one topos to another in a more
parametric way than the bridge technique [2] permits. Diagrams of toposes can be studied using
multimodal adjoint type theory [8]; it is the fact that a general geometric morphism does not
preserve Π-types and that the category of toposes naturally forms a (2, 2)-category, that makes
this a rather technical undertaking.

We expect that a good theory of classifying spaces as syntactic types can overcome these
challenges. Such a theory has been suggested and approached in [12, 11] using encodings of
over-toposes via GRD-systems or considering the more general arithmetic universes, and in [10]
by parametrising internal type theories.

In this work we restrict our attention to propositional geometric theories, i.e., those for which
the underlying first-order signature only uses propositional symbols. Their classifying toposes
are exactly those that can be presented as categories of sheaves on a locale. We consider a
completion of the category of localic toposes and use the Sierpiǹski space to relate the internal
language of a space to its relationship with other spaces. We expect that our work can be
extended to the setting of general higher toposes.

Syntax We extend standard MLTT with a type S, the Sierpiǹski type. It comes equipped
with the universal open and closed points 0̌ : S and 1̌ : S, respectively. We also assume a greatest
lower bound operation ∧ : S× S → S satisfying the obvious commutative monoid laws. The
Sierpiǹski type classifies open subtypes,

γ : Γ ⊢ pγ : S

γ : Γ ⊢ T(pγ) tp
,

corresponding to the (generalised) propositional geometric theory classified by Γ in which pγ
holds. This setup lets us recover locale theory synthetically. For instance, we gain access to
inverse image maps, the specialisation order, and a definition of overt types I, which can serve
as indexing types for the infinitary disjunctions of geometric logic.
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Semantics We view the category of locales as a 1-category, forgetting about the poset-
enrichment. This category is not locally Cartesian closed, so we endow it with the subcanonical
open cover topology and interpret our theory in the resulting sheaf topos.1 The Sierpiǹski type
is interpreted as the (Yoneda embedding of) the Sierpiǹski locale, and open subtypes arise as
pullback along the open point:

T(p) 1

Γ S

⌟
1̌

p

.

Future directions As a tool for synthetic locale theory, propositional geometric type theory
has various competitors [9, 3]. We view it as a stepping stone for the definition of a univalent
geometric type theory, with semantics in (a completion of) the category of (∞, 1)-toposes.

While in our theory the Sierpiǹski type acts as a dualising object translating between terms
and open subtypes, a prominent role in the full theory will be served by the theory O of an
object with the property that terms of type A → O correspond to sheaves on A or étale spaces
over A.
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1The category of locales is not small, so there is a bit of a size issue, analogous to what happens when one
wants to take sheaves on the large category of compact Hausdorff spaces. We can deal with this size issue in
either of two standard ways: (1) we can restrict to small locales, as in the pyknotic approach of [1], or (2) we can
restrict the sheaves, as in the condensed approach of [7].
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