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General framework
Both universal algebra and category theory provide unifying frameworks for studying algebraic struc-
tures in abstract terms [8, 7, 1].

In universal algebra, a structure – be it a group, a ring, or a lattice – is described as a theory, i.e. in
terms of abstract operations over a carrier and a set of equations these operations are required to satisfy.
This way, once a theory is specified, specific instances of algebraic structures are defined as models of
that theory, and an algebra homomorphism is a structure-preserving map between models [12].

In category theory, Lawvere theories provide a presentation-invariant version of algebraic theories,
where algebraic operations are given by morphisms in the Lawvere theory. Specific instances of algebraic
structures are defined as product-preserving functors from a Lawvere theory to categories with finite
products. This reveals universal algebra as the theory of all structures that can be defined in categories
with finite products [11].

Now, in universal algebra, it is often possible to modularly construct an algebraic structure. Simi-
larly, the work started with [2] showed that many categorical constructions can be developed modularly
both at the objects and morphisms levels (as well as at higher categorical levels [3]), by adding pro-
gressively layers of further structure. In this work we show how to rephrase the methods of displayed
categories in order to deal with classical concepts of universal algebra, making the analogy we have just
sketched more precise. We thus widen the investigations on the notion of displayed algebras [9, 10, 13],
with a focus on developing universal algebra with the displayed-category style.

Concretely, given a base algebra, we display the additional algebraic structure – elements and oper-
ations – in a structured layer above such base. This approach not only streamlines proofs of properties
and constructions but also facilitates the reuse of generic lemmas across different algebraic contexts.
This way we can reap the organizational benefits of displayed formalisms both for the mathematical
developments of universal algebra and their computer implementations.

Source code. Building on our previous work [4, 5], our current results are fully mechanized in the
UniMath library1, so that all our definitions and theorems are consistently formalized within univalent
mathematics. UniMath offers a convenient and natural foundation for implementing various branches
of universal algebra and demonstrates how the displayed methodology can be used to uniformly build
robust and modular constructions both at the categorical level and in the more traditional algebraic
setting.

Our code is freely available from our GitHub repository2 and it is in the process of being integrated
in the UniMath library. When discussing concepts which are available in our source code, we will
provide specific links below.

1https://github.com/UniMath/UniMath
2https://github.com/UniMathUA/UniMath/tree/hott-uf-2025
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Main contents and current development
The natural starting point of our work is the formal definition of displayed algebras.

Definition. Given an algebra B over a multi-sorted signature σ, a displayed algebra over B consists of:
· a family of “fiber” types indexed over terms of B;
· a family of functions indexed over any operation name f of σ and any vector v of terms of B each

having the appropriate sort specified by the arity of f . Each function has the product of the fiber
of the components of v as domain and the fiber of fB(v) as codomain.

In the categorical setting, a displayed category encodes the same information as a functor into the
base category. In our algebraic setting, we show the analogous result :

Theorem. Given an algebra B over a multi-sorted signature σ, the type of algebra morphisms targetting
B is equivalent to the type of displayed algebras over B.

In a straightforward and natural way, every displayed category gives rise to a total category. In the
same spirit, every displayed algebra gives rise to a total algebra . This construction is, in fact, one of
the primary motivations for working with displayed structures in the first place. One of our objectives
is to provide a clear, modular framework for assembling algebras from simpler components.

Motivating Examples. We emphasize how various familiar algebraic constructions – in particular,
those admitting a staged or layered description – can be systematically recovered by taking the total
algebra of a displayed algebra. Here are some examples:

Cartesian Products: A displayed algebra can encode how algebraic operations behave component-
wise on a product of carriers. Collecting these componentwise structures into a single object yields
the familiar cartesian product algebra as its total algebra.

Pullbacks: By generalizing the previous example, one can display algebraic structure along pullback
squares to obtain a pullback of algebras. The resulting total algebra thus inherits its operations
from the displayed structure, reflecting the universal property of the pullback on the level of
algebras.

Semidirect Products: The semidirect product of groups can also be viewed as the total algebra of
a suitable displayed algebra. Here, one “displays” how a normal subgroup and a quotient group
interact, and then reassembles this information into the total structure defining the semidirect
product.3

Subalgebras: Consider a displayed algebra that restricts the underlying carriers of a larger algebra to
subsets closed under its operations. When one collects this restricted (or “sub”) structure into a
single object, the total algebra precisely captures the notion of a subalgebra .

Related and future work
Our novel formalism for displayed algebras is inspired from the work in displayed categories started
with [2]; in future, we plan to explore further connections between their displaying methods for categories
and our constructions at the algebraic level. At the same time, we plan to extend our original UniMath
library for universal algebra [5] by making extensive use of the techniques of displayed algebras we
communicate here. Finally, it would be relevant to bridge our formalization of universal algebra in
UniMath with the existing library on Lawvere theories4 in the same univalent system and investigate
potential transfers of results between the categorical and universal languages for algebraic structures
using a unified displayed formalism.

3While semidirect products of groups have well-known generalizations to other contexts in universal algebra [6], those
generalizations are not treated here.

4https://github.com/UniMath/UniMath/tree/master/UniMath/AlgebraicTheories
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[1] J. Adámek, J. Rosickỳ, and E. M. Vitale. Algebraic theories: a categorical introduction to general

algebra, volume 184. Cambridge University Press, 2010.

[2] B. Ahrens and P. L. Lumsdaine. Displayed Categories. Logical Methods in Computer Sci-
ence, Volume 15, Issue 1, Mar. 2019. doi: 10.23638/LMCS-15(1:20)2019. URL https://lmcs.
episciences.org/5252.

[3] B. Ahrens, D. Frumin, M. Maggesi, N. Veltri, and N. van der Weide. Bicategories in univalent
foundations. Mathematical Structures in Computer Science, 31(10):1232–1269, 2021. doi: 10.1017/
S0960129522000032.

[4] G. Amato, M. Maggesi, M. Parton, and C. Perini Brogi. Universal algebra in UniMath. In
Workshop on Homotopy Type Theory/Univalent Foundations – HoTT/UF2020, 2020. URL https:
//hott-uf.github.io/2020/.

[5] G. Amato, M. Calosci, M. Maggesi, and C. Perini Brogi. Universal algebra in UniMath. Mathe-
matical Structures in Computer Science, 34(8):869 – 891, 2024. doi: 10.1017/S0960129524000367.

[6] A. Facchini and D. Stanovský. Semidirect products in universal algebra, 2023. URL https:
//arxiv.org/abs/2311.04321.

[7] G. Grätzer. Universal algebra. Springer Science & Business Media, 2008.

[8] M. Hyland and J. Power. The category theoretic understanding of universal algebra: Lawvere
theories and monads. Electronic Notes in Theoretical Computer Science, 172:437–458, 2007.

[9] A. Kaposi, A. Kovàcs, and T. Altenkirch. Constructing quotient inductive-inductive types. Pro-
ceedings of the ACM on Programming Languages, 3(POPL article number 2):1–24, Jan. 2019. doi:
10.1145/3290315. URL https://doi.org/10.1145/3290315.

[10] A. Kovács. Type-Theoretic Signatures for Algebraic Theories and Inductive Types. PhD thesis,
Eötvös Loránd University Doctoral School of Informatics, Mar. 2022. URL https://arxiv.org/
abs/2302.08837.

[11] F. W. Lawvere. Functorial semantics of algebraic theories. Proceedings of the National Academy
of Sciences, 50(5):869–872, 1963.

[12] H. P. Sankappanavar and S. Burris. A course in universal algebra. Graduate Texts Math, 78:56,
1981.

[13] K. Sojakova. Higher inductive types as homotopy-initial algebras. In Proceedings of the 42nd
Annual ACM SIGPLAN-SIGACT Symposium on Principles of Programming Languages, POPL
’15, page 31–42, New York, NY, USA, 2015. ACM. doi: 10.1145/2676726.2676983.

Acknowledgments
This work was partially supported by: the project SERICS ‘Security and Rights in CyberSpace’ –
PE0000014, financed within PNRR, M4C2 I. 1. 3, funded by the European Union - NextGenerationEU;
the MIUR project PRIN 2017JZ2SW5 ‘Real and Complex Manifolds: Topology, Geometry and holomor-
phic dynamics’; the PNRR project FAIR – Future AI Research (PE00000013), Spoke 9 - Green-aware
AI, under the NRRP MUR program funded by the NextGenerationEU; Istituto Nazionale di Alta
Matematica – INdAM groups GNAMPA, GNCS and GNSAGA.

3

https://lmcs.episciences.org/5252
https://lmcs.episciences.org/5252
https://hott-uf.github.io/2020/
https://hott-uf.github.io/2020/
https://arxiv.org/abs/2311.04321
https://arxiv.org/abs/2311.04321
https://doi.org/10.1145/3290315
https://arxiv.org/abs/2302.08837
https://arxiv.org/abs/2302.08837

