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In the classical approach to computability theory we think of the collection
of computable functions as a subset of the larger class of all functions N — N.
The larger class also contains some functions that are not computable, with the
simplest being the characteristic function of the halting set. In synthetic com-
putability theory [Ric83| [BaulO6] we can view the same results from a completely
different perspective. By default we assume that everything is computable, us-
ing axioms such as Church’s thesis, which states that every function N — N
is computable. Even though functions N — N are all computable, we can still
have access to non computable functions by choosing our definition appropri-
ately. One way [Swa24] is to use higher modalities [RSS20], such as V, the
modality of double negation sheaves: we still have the halting set, but instead
of viewing it as a function N — 2 that does not belong to subset of computable
functions, we view it as a function N — V2 that does not factor through the
inclusion 2 — V2.

The synthetic approach has a key advantage when working with computable
structures [Rab60]. An algebraic structure is computable when its carrier set
is a computably decidable subset of N and all algebraic operations are com-
putable. Working synthetically we can make a simplification to this definition:
an algebraic structure is computable when its carrier set is a decidable subset
of N. We can drop the requirement that algebraic operations are computable,
since this is automatically the case by default, using Church’s thesis. To talk
about structures with non computable algebraic operations, we need to switch
to a different carrier set, for example by applying V.

We develop a synthetic approach to computable 2-groups based on the el-
egant characterisation of higher groups in HoTT as simply pointed connected
types [BvDR1S]. In particular, we can define 2-groups as pointed, connected, 2-
truncated types. We say a 2-group (BG, base) is computable when ||QQ(BG, base)||o
and Q?(BG, base) are both equivalent to decidable subsets of N. A result due
to Sinh [Sin75| [BLO4] shows that 2-groups can be understood algebraically via
the following structure:

1. A group G.
2. An abelian group H.
3. An action of G on H.



4. An element of the cohomology group H?*(G, H )E| (the Sinh invariant of
the 2-group)

Milner [Mil24] has developed a purely HoTT version of this result, showing how
to derive all of this structure from a pointed, connected, 2-truncated typeﬂ It
follows by Church’s thesis that given the simple definition of computable 2-
group above, all of the resulting algebraic structure is computable, making this
definition a natural generalisation of the classical definition of computable group
as in [Rab60].

After introducing the above ideas, I will give some purely synthetic construc-
tions of non computable 2-groups, including a finitely generated 2-group which
is non computable but has computable underlying 1-group. The proof makes
use of a non-computable action of the 2-group on groupoids, which combines
the Buchholtz-Van Doorn-Rijke approach to group theory with ideas from syn-
thetic computability theory, in particular the use of V to allow the action to be
non-computable.
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