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1 Introduction
The construction of semi-simplicial types in type theory as dependent families of types [8] turned
out to be remarkably difficult in spite of considerable scrutiny over the past decade (see [7] for
an overview). In a proof-relevant setting, the seemingly innocent semi-simplicial identity would
be witnessed by a family of terms αi,j : didj =Xn→Xn−2 dj−1di (for any 0 ≤ i < j ≤ n) which
may combine together and create new proof terms.

Xn−2 Xn−3

Xn−1 Xn−2

Xn−1 Xn−2

Xn Xn−1

dk−2

dj−1

dj−1di
dk−1

dk−1
di

di

dk

di

dj

dj

Cube of proofs. Let us illustrate this with the
figure opposite. Each face of the cube is associated
with a proof term α. There are exactly two ways to
deform the lower “meridian” didjdk of the cube into
the upper one dk−2dj−1di relative to Xn, Xn−3, either
by passing through the backmost faces or through
the frontmost ones—both “hemispheres” of the cube.
Now, these two ways correspond exactly to the two
proofs of the equality didjdk =Xn→Xn−3 dk−2dj−1di,
given by the compositions π := αj,k ∗ αi,k−1 ∗ αi,j and
π′ := αi,j ∗ αi,k ∗ αj−1,k−1 (up to whiskering). For
the equality to be coherent at this stage would require
to “fill the cube”, i.e. exhibit a term βi,j,k : π = π′ witnessing the fact that both proofs are
indeed equal. Of course the β’s would, in turn, fit onto the “3-hemispheres” of a 4-cube and
require a term e.g. γi,j,k,ℓ to identify their possible compositions—then the process repeats with
5-cubes, 6-cubes, and so on ad infinitum.

Related work. One solution to handle these infinite towers of coherence consists in adding
some form of strictness to equality. The first co-author considered, for example, the case
of dependent families of sets (i.e. 0-truncated types)—see [4], or [5] for a joint work with
Ramachandra. Altenkirch, Capriotti and Kraus, on the other hand, extended HoTT with
a second equality type which is strict [2]. A whole different approach recently presented at
HoTTEST by Kolomatskaia extends type theory with a construction to inhabit dependent
streams of types [6].

∗The authors would like to thank Pierre-Louis Curien as well for his contributions.
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Our approach. We adopt the “n-cubes of proofs” point of view as above. Proof terms fit
inside of an infinite collection of n-cubes, and how they may combine together is a consequence
of the combinatorial structure of n-cubes. Roughly speaking, an n-cube would be the data
of a term cn : h+

n,n−1 =... h
−
n,n−1 identifying both of its (n − 1)-hemispheres, which are given

by composing the (n− 1)-faces together in some way. The terms h+
n,n−1, h

−
n,n−1 are proofs of

equality themselves, identifying both of the (n − 2)-hemispheres h+
n,n−2, h

−
n,n−2. The general

picture would be a tower of equalities:

cn : h+
n,n−1 =(

h+
n,n−2=(h+

n,n−3
=...h

−
n,n−3)

h−
n,n−2

) h−
n,n−1

We suspect that examining the exact combinatorial structure1 of n-cubes and their k-hemispheres
will bring us one step closer to understanding all the higher coherence equations necessary
to fully construct semi-simplicial types without the need of univalence, i.e. internal to MLTT
extended with a notion of “infinite streams of data”.

2 Hemispheres of the n-Cube
Given some way to encode the faces of an n-cube, a k-hemisphere (relative to the n-cube) is a
specific collection of k-faces that “fit nicely together”. A first step thus consists in determining
what these k-faces might be.

Definition. We denote by (Dn
k ,≤) the poset of increasing sequences x1 . . . xn of length n with

values 0 ≤ xi ≤ k. The order on Dn
k is defined pointwise, i.e. x ≤ y ⇐⇒ ∀ i, xi ≤ yi.

The Dn
k ’s are connected by two notable order-preserving maps: there is a canonical inclusion

of Dn
k into Dn

k+1 which we will write d∗, as well as a map R : Dn
k → Dn+1

k which adds the
value k at the end of a sequence. Moreover, we have the following inductive description:

Lemma. Dn
k = d∗D

n
k−1 ⨿RDn−1

k

Our main result so far is the following:

Theorem. The k-hemispheres of the n-cube are exactly described by Dk
n−k. Moreover, all the

possible ways to compose the k-faces are given by all the topological sorts on Dk
n−k.

We have a working algorithm that generates all the k-faces of both k-hemispheres. It is
additionally possible to choose a total order on Dk

n−k which is compatible with ≤ and gives a
canonical choice of topological sort. Several questions that are open:

1. Compute the appropriate whiskering required for composition of k-faces to make sense in
type theory.

2. How to deal with the possible choices of composition? Can we show them to be equivalent
without the need of new proof terms (e.g. the Eckmann-Hilton argument)?

3. Using the new insights brought by the “n-cubes of proofs” point of view, is it now possible
to construct semi-simplicial types in a proof assistant?

We are hopefully close to giving a simple procedure that addresses the first question. This is
an ongoing work which may be subject to new developments by the end of April.

1Discussions with Métayer revealed that some of this combinatorial structure have already been spelled out
over the study of orientals (e.g. the work of Aitchison [1]). See [9] for the original article on orientals, and [3] for
a recent work of Ara, Lafont and Métayer.
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