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Enriched categories have found numerous applications, including effects in programming
languages [EMS14, PP01], abstract homotopy theory [GJ09], and in higher category theory
[Lur09]. In this abstract, we discuss an ongoing formalization of enriched categories in univalent
foundations. More specifically, we define the notion of univalence for enriched categories, and we
prove that the bicategory of univalent enriched category is univalent. This gives us a structure
identity principle for enriched categories. The definitions and theorems in this abstract are
formalized in the Coq proof assistant [Tea22] using the UniMath library [VAG '] and building
upon [AKS15, WMA?22].

1 Univalent Enriched Categories

In the remainder of this abstract, we fix a monoidal category V, and we denote its unit by 1
and the tensor by ®. Usually, the definition of an enriched category is a slight modification of
the notion of category: the homs are required to be objects of V instead of sets. However, we
take a different approach, which is based on the notion of enrichment. Since every enriched
category C has an underlying category Cg, there is a 2-functor (—)g from the 2-category VCat
of categories enriched over V to the 2-category Cat of categories [Kel82]. The idea is that an
enrichment of C is an object of the fiber of (—)q along C.

Definition 1. A V-enrichment E of a category C consists of
e a function E(—,—): C - C =V
o for all x : C a morphism Id : 1 — E(z,z) in V;
e for all z,y,z : C a morphism Comp : E(y, 2) ® E(z,y) — E(y, 2) in V;

o functions FromArr : C(z,y) — V(1,E(z,y)) and ToArr : V(1,E(z,y)) — C(z,y) for all
xz,y: C

such that the usual axioms for enriched categories are satisfied and such that FromArr and
ToArr are inverses of each other. A category with a V-enrichment is a pair of a category C
together with a V-enrichment of C.

Note that enrichments of categories have been considered in other work as well [MU22], al-
though they used yet another definition. The reason why we choose to define enriched categories
this way, is because using enrichments, we can define a displayed bicategory VUnivCatgis, over
UnivCat whose total bicategory is the bicategory VUnivCat of enriched categories (Definition 4).
This way the proof of the univalence for the bicategory of enriched categories becomes simpler,
because we can reuse the proof that the bicategory of categories is univalent [AFM™21]. Note
that our notion of categories with a V-enrichment is actually equivalent to the usual notion of
enriched categories.

Proposition 2. The type of categories with a V-enrichment is equivalent to the type of V-
enriched categories defined using the definition given by Kelly [KelS82).
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Next we define univalent enriched categories. With our definition of enrichments, we say that
a univalent enriched category is a univalent category together with an enrichment. Equivalently,
we also phrase univalence for enriched categories as defined in [Kel82]: such an enriched category
C would be univalent if the underlying category Cy is univalent.

Definition 3. A univalent V-enriched category is a pair of a univalent category C together
with a V-enrichment of C.

2 The Bicategory of Univalent Enriched Categories

Next we construct the bicategory of univalent enriched categories, and we prove that this
bicategory is univalent. To define this bicategory, we use displayed bicategories [AFMT21],
and thus we need to define enrichments for functors and natural transformations. Concretely,
we need to define V-enrichments for functors F : C; — Cy from E; to E3, where E; and E,
are V-enrichments of C; and Cs respectively. We also need to define V-naturality for natural
transformations. The definitions of these notions are in a similar style as Definition 1, and for
the precise definitions, we refer the reader to the formalization.

Definition 4. We define the displayed bicategory VUnivCatgis, over UnivCat as follows:
e The displayed objects over a category C are V-enrichments of C;
e The displayed 1-cells over a functor F : C; — Cs from E; to E; are V-enrichments of F;
e The displayed 2-cells over a natural transformation 7 are proofs that 7 is a V-natural.

The total bicategory of VUnivCatgisp is the bicategory of univalent enriched categories, and we
denote it by VUnivCat.

The proof that the data in Definition 4 actually forms a displayed bicategory, is similar
to the construction of the bicategory of enriched categories in set-theoretic foundations. We
conclude this abstract by proving that VUnivCat is univalent.

Lemma 5. IfV is univalent, then the displayed bicategory VUnivCatqisp s univalent.
Theorem 6. IfV is univalent, then the bicategory VUnivCat is univalent.

The methods used to prove Theorem 6 are similar to the methods used for proofs of univa-
lence in [AFM™21]. Concretely, this theorem says that two enriched categories are equal if we
have an enriched equivalence between them. As such, we obtain a structure identity principle
for enriched categories.

There are numerous way to extend the work in this abstract. One particular way, is by
instantiating the formal theory of monads to enriched categories [Str72, vdW22]. Concretely,
this means that one constructs the enriched Eilenberg-Moore and Kleisli category for an enriched
monad. The usual theorems about monads and adjunctions for enriched categories would then
follow from the formal theory developed by Street [Str72], and these theorems are useful for
formalizing results about the semantics of the extended effect calculus [EMS14].
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