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Modern mathematics is permeated with cohomology theories – lot’s of problems in
geometry, number theory and algebra can be asked in terms of cohomology groups
or rings. In algebraic topology, cohomology with constant coefficients in an abelian
group plays an important role. There has been a lot of work along these lines in
homotopy type theory, see e.g. [Cav15], [Hou17] and [BH20].
There, the k-th cohomology group of a type X with coefficients in an abelian group
A is defined as
H k (X, A) :≡ kX → B k Ak0
i.e. the 0-truncation of the type of maps into the k-th Eilenberg-MacLane space
B k A. The latter were constructed in HoTT in [LF14] and are a (k − 1)-connected,
pointed types, such that the k-th loopspace is A:
A∼
= Ωk (B k A)
Especially with the possibility of interpreting HoTT in general (∞, 1)-toposes, it
can be very interesting to consider the generalization, where the coefficient group A
depends on X. So if Ax is an abelian group for x : X, we can adapt the definition,
using dependent function types:
H k (X, A) :≡ k(x : X) → B k (Ax )k0 ≡

Y
x:X

B k (Ax )
0

This definition includes, via interpretation in toposes, both cohomology of sheaves
of abelian groups and group-cohomology.
It is not hard to show basic functoriality properties of this construction, as well
as that short exact sequences of coefficients, induce long exact sequences of cohomology groups. Some of this was done in [van18][Section 5.4]. What is also not
hard to do and not yet to be found in the literature, is to show, that any pushout
square induces a Mayer-Vietoris sequence.
That abstract theorems like this, are not hard to show, is some advantage one
would also expect when working in higher categories or toposes, as one can see in
the introduction of [Lur09] or the nLab entry on applications of higher category
theory.
However, due to the expected lack of injective resolutions, the main classical computational gadget, it is quite unclear, how one could possibly connect this definition
of cohomology to more computational definitions, like e.g. Čhech-Cohomology or
concrete descritpions of group-cohomology given by projective resolutions.
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We will present work in progress on an attempt of this, using that this cohomology
theory should satisfy the universal property of a derived functor or universal ∂functor. However, we only have a proof, that cohomology up to degree one satisfies
this universal property. The proof uses what we call local resolutions, which is a
technique already employed by [Buc60]. Our resolution is based on the idea used
in [Wel18][Definition 4.9, Definition 4.11] to construct a canonical trivializing cover
for a fibre bundle.
For a degree one cocycle χ : (x : X) → B 1 (Ax ), this local resolution amounts to
an injective map for any x : X of type:
ιx : Ax → ((χx = ∗) → Ax )
on coefficients, given by ιx (a) :≡ (_ 7→ a).
Tobias Columbus provided me with numerous crucial hints on this work and there
were many helpful discussions with Ingo Blechschmidt, Lukas Stoll, Thierry Coquand, David Wärn, Matthias Hutzler and Christian Sattler. Urs Schreiber taught
the author all the ingredients of the Mayer Vietoris sequence.
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