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The question we try to answer

How can one explain UA in more standard mathematical terms?



Previous work on which we are based

Rijke 2012: he gave a type-theoretic formulation of Yoneda lemma
and constructed it from Martin-Lof's J-rule and the function
extensionality axiom.

Escardd 2015: he took Rijke’s type-theoretic formulation of
Yoneda lemma as primitive and constructed Martin-Lof's J-rule
from it so that its computation rule holds definitionally.

Coquand 2014: he reduced the J-rule to transport and the
contractibility of singleton types.



What we do here

We give a Yoneda lemma-formulation (sY-UA) of Voevodsky's
axiom of univalence (UA) in informal UTT.

Although the computation rules of UA hold propositionally, the
computation rules of sY-UA hold definitionally.
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C:Hmy: A HP: X:Ayu C:Hx: A C(X’X?reflx) Xy A P X=ay

J(C,c,x,x,refly) = c(x), x: A
LeastRefl : H H H H R(x,y),
RIA=A=U ], o R(x,x) X,y: AP: X=aY
LeastRefl(R,r, x, x,refly) = r(x), x: A
Transport : H H H (P(x) — P(y))
P:A—U x,y: Ap: X=aY

Transport(P, x, x,refly) = idp(xy, x:A.
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aA CJ1,. allpaz U c:C(arefly) x: Apia=ax
j(a,C,c,a,refl,) =c
leastrefl: H H H H H R,(x)
a:A Ra:A—U ry:Ra(a) x: Ap:a=ax
leastrefl(a, R,, ra, a,refl,) = ra,
transport : H H H H (P(a) — P(x))
a:A P:A—U x: Ap:a=ax

transport(a, P,a,refl,) = idp(y).



The J-judgement and the J-computation rule imply the following
M-judgement and M-computation rule, respectively,

M : H H (a,refl,) =g, (x,p)

a,x:A p:a=ax

M(a, a,refl,) = refl(,res1,);

E,= Z(a =a X).

x: A

where

Similarly we get that the j-judgement and the j-computation rule
imply the following m-judgement and m-computation rule,

respectively,
m: H H(a,refla) =g, U
a:A u:E,

where m, = m(a).



The following two judgements

mj 1_[(;-)7 refl,) =g, u
u:E;

transport, : H H H (P(a) — P(x))
P:A—U x: Ap:a=aX
imply the judgement
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CITI.. AHp:a:AXU c:C(a,refl,) x: Ap:a=ax

and the same holds for their corresponding computation rules.



[Coquand, 2014] The following judgements and corresponding
computation rules are equivalent:

(i) J.

(ii) Transport and M.

(iii) LeastRefl and M.



Yoneda lemma
C a locally small category : Hom¢(A,B)={f €C1|f: A— B}is
a set

Set®” the category of contravariant set-valued functors on C
If C €Cpand F e Set®”, there is an isomorphism

Homg,cor (V(C), F) ~ F(C),
which is natural in both F and C, where
Y :C — Set’”
is the Yoneda embedding i.e., the functor
Y(C) = Hom¢g(—, C) : C°P? — Set
Y(f: C— C") =Home(—, f) : Home(—, C) — Home(—, C7)
defined post-compositionally.

Through the Yoneda lemma the Yoneda embedding is shown to be
an embedding i.e., an injective on objects, faithful,.and full functor.



Rijke's type-theoretic interpretation of the Yoneda
embedding

A : U as a locally small category equal to its opposite,
Hom(a,b)=a=ab:U

U is closed under exponentiation, as Set
P: A — U as an element of U4”, which corresponds to Set¢”
YV:A—= (A= U)
YV, A—-U
Y(a)(x) =x=aa,
Hom(P, Q) = ] (P(x) = Q(x))

Hom(Y(a), P) = H (y(a)(x) — P(x)) = H ((x =pa)— P(x))



Theorem (Yoneda lemma in ITT + Function extensionality
(Rijke, 2012))

Let P: A— U and a: A. There is a pair of quasi-inverses

(j,7) : Hom(Y(a), P) ~ P(a)

ie.,
Goi)(u)=u, u:P(a),
(ioj)(o)=0, o: H H P(x)
x: Ap:x=pa
such that

i(u)(a,refl,) =u, u:P(a),

jlo)=o(a,refl), o: [ [] PX.

xX: Ap:Xx=pa



Proposition
The Y-judgement implies the introduction rule of the equality type
i.e., the inhabitedness of the type a =4 a, for every a: A.

Proof.
If a: A, and if we consider as P in the type-theoretic Yoneda lemma
the type family Y(a), then

Hom(3(2) (rg 11 ~ Aa) (a=42)=(a).

The only element of Hom()(a), Y(a)) we can determine at this
point is
R=Ax:Ap:x=pa)p

and j(R):a=p a. O



Proposition

The Y-judgement implies the Transport-judgement and the left
Y-computation rule implies the Transport-rule.

Lemma (Escardd)

If B:U, the Y-judgement and the Y-computation rules imply the
following judgement and corresponding computation rules:

U,/):(H 11 B):B

x: Ap:x=apa
i(b)(a,refl,)=b, b:B
Jj(o) =o(a,refl,), o: H H B.
Moreover, if b: B, x: A, and p : x =4 a, then

i(b)(x, p) =5 b.



Corollary (Escardd)

The Y-judgement with the Y-computation rules imply the
M-judgement.

The next theorem is shown without the use of function
extensionality.

Theorem (Escardd, 2015)

The J-judgement and the J-computation rule follow from the
Y-judgement and the ))-computation rules.



The univalence axiom asserts that the function
IdtoEqv(X) : X =y A — X = A is an equivalence with
quasi-inverse the function ua(X) : X ~4 A — X =,/ A.

Voevodsky’s Axiom of Univalence (UA): There are the following
ua-judgement and the right and left ua-computation rules,

respectively,
ua : H H X=y A
XU e: X~y A

ua(X, IdtoEqv(X,p)) =p, p: X =y A,
[IdtoEqv(X,ua(e))]"(x) = e*(x), x:X.

IdtoEqv(ua(f), x) = f(x),

where the equivalence e is “identified” with f = e*

ua(A, (ida, ea)) = refla.



The “categorical” interpretation

U as a locally small category equal to its opposite,
Hom(A,B)=A~y, B:U

U’, the next universe to U, as Set

P:U — U’ as an element of U, which corresponds to Set®”
E:U—U—U

Ea(X) =X >y A,

E'AQMB
£(e):Hom(Ea &) =[] [] X~ B
XU e : Xy A

Ee)=AX:U,e : X~y A.eoce.



Yoneda-version of the univalence axiom (Y-UA): Let
P:U —U" and A:U. There is a pair of quasi-inverses

(J,7) : Hom(Ea, P) ~ P(A)

i.e., there are the following i-judgment and j-judgment:

PP =11 TI PO

XU e: X~y A

i (I1 I1 Peo) = Pea

XU e X~y A

with the following i-computation rule and j-computation rule:
I(U)(A, (idAa eA)) =u, u: P(A)>

Jj(o) =0(A, (ida,ea)), o :Hom(Ea,P).



Proposition
The i-judgement of Y-UA implies the ua-judgement i.e., there is

ua’:H H X =y A,

XU e: X~y A

ua'(A, (ida, ea)) = refla.

Proof.
Let P: U — U’ defined by P(X) = X = A. Since

A=y A=T] I] X=uA

XU e X~y A
ua' = \(X :U,e: X 4 A).i(refla)(X,e),
hence

ua'(A, (ida, ea)) = i(refla)(A, (ida, ea)) = refla.



Proposition
If X :U and p: X =y A, then

ua’(X, IdtoEqv(X, p)) = p.
Proof.
Define C(X, p) = ua'(X, IdtoEqv(X, p)) = p. Since

C(A,refly) = ua’(A, IdtoEqv(A,refly)) = refly
= ua’(A, (ida, ea)) = refly
=reflp =refly,

we use the ja-judgment.



Proposition
The ua-judgement implies the i-judgement of Y-UA i.e., there is

PA =T TT P,
XU e X~y A

and moreover

i'(u)(A, (ida, ea)) = u, u: P(A).

Proof.
Let u: P(A). Since ua(X,e): X = A, we get
ua(X,e)~!: A=y X, and consequently we have that

[ua(X, e)_l]f

: P(A) — P(X).
We define

"(u) = ANX U, e: X ~y A).[ua(X, e) 1] ().



Thus,
7(u)(A, (ida, ea)) = [ua(A, (ida, ea)) ™" (u)
= (reflzl)f(u)
= (reflA)f(u)

= idp(a)(u)

= Uu.



Our aim is to get from a strong Yoneda version of the axiom of
univalence the J-judgement that corresponds to it equipped with a
computation rule that involves judgemental equality.

Let A,B:U and Q : A— B — U’ a type family over A and B (or
a relation on A, B). If

F.G: HH Q(x,y),

x:Ay:B

we say that F, G are homotopic, F = B, if there is

H:F=B= HHF(X,y) =Q(xy) G(x,¥).
x:Ay:B



Proposition
Let A:U and P:U — U'. If we fix some

o:Hom(€a, P) =[] ] P(X

XU FX~A

there is a term

Happlye , : H H TRO=

T€Hom(EH,P) p:7=0

- ] H(HH Xf_px)o(Xf)>

reHom(Ea,P) PIT=0 \ XU f:X~A
Happlyg ,(0,refly) = M(X : U, f : X ~ A).refl,(x f),

Proof.
If C(r,p) =7 =~ o, then C(0,refl,) =0 ~ o and

MX U, f: X~ A)refl, x g C(o,refl,).



Strong Yoneda-version of the univalence axiom (sY-UA): Let
A:U and P:U — U'. There is a pair of quasi-inverses

i:P(A) =T TI P

XU F:X~A

i+ (I TT Peo) = Pea),

XU F:X~A
equipped with the following i and j-computation rule:
i(u)(Aida) = u, u: P(A),
Jj(o) =0(A,ida), o :Hom(&a,P).
Moreover, there are terms

Giiojr~idpome,py = [ ii(0) =0,
oc€Hom(&E4,P)

H:ijoin~idpay= [ ili(w)=u,
u:P(A)
Happlygva(i(j(a)), G(U))(A71dA) = reflU(A,idA)a o Hom(6A7 P)a
H(u) = refl,, u:P(A).



Since
G(a) - i(i(0)) = o,
we have that

Happlye , (i(i(2)), G(0)) : [T ] iU =px) (X, f),

XU F:X~A

Happlye, (i(i(0)). G(0)) (A.ida) : i(i(0))(A, ida) =p(a) o(A.ida).
By the j, i-computation rules we have that

’(J(U))(A7 1dA) = ’(U(Aa ldA))(Av 1dA) = O-(A7 ldA)a
therefore

Happly, , (i(j(9)), G(0))(A,ida) : o(A,ida) =p(a) o(A,ida).
Similarly, if u: P(A),

and since

we get



Lemma
If B : U, the strong Yoneda-judgements and the corresponding
computation rules imply the following judgement and computation

rules: o) <H H >

XU F:X~A

is: B[ II &

XU F: X~A
5 <H H B) —~ B
XU FX~A
ig(b)(A,idg) = b, b:B,
js(e)=o(Aida), o] I] B

XU FX~A

Gs: [ isUs(o) =0

oc€Hom(&€4,B)



Lemma

He - [ [J(i(b)) = b,
b:B

Happlyg , (iB(jB(O')), GB(O')> (A,ida) = refly(aia,), o :Hom(&a,B),

Hg(b) = refly,, b:B.
Moreover, if b: B, X :U and f : X ~ A, then, if

lov=A(X U fF:Xx~A)b: [] T] B

XU F:X~A

we have that

Happlys (/’Bus(ob)), GB(m) (X.7) : [is(b)(X. f) =5 b],

Happly&% </'B(J.B(0'b))7 GB(O'b)> (A, idA) =refl,.



Corollary
If

Ea=) XA,
XU

the judgements and computational rules of the strong
Yoneda-version of UA imply the following M.-judgement and
Me-computation rule:

Me: TT TI (X.F) =&, (Aida),

XU FX~A

Me(A,ida) = refliaidy,)-



We call the following judgment and computation rule
e ] 11 <H 11 C(X,f))
Cllxu Ilfxaald c:C(Aida) - XU F: XA

Je(C,c,Ajidp) = ¢

the Eq-J-judgement and the Eq-J-computation rule, respectively.

Theorem

The judgements and computational rules of the strong

Yoneda-version of UA imply the Eq-J-judgement and the
Eq-J-computation rule.



Proof

We fix C: [[xq [lrx~nald and c € C(A,ida). Let
Ea=) xy X ~A and P: Epx — U, defined by

P((X.f)) = C(X,f),
for every X : U and f : X ~ A. By Corollary
Me(X, ) : (X, f) =g, (A,ida),
hence
Me(Xa f)_l : (AvldA) —Ex (X> f)
Consequently
[Mo(X, F)71]7 P((A,ida)) = P((X,f)) = C(A,ida) = C(X, f).

We define
Je(C7 C>X7 f) = [ME(X’ f)_l]f(c)



By the corollary we get

Je(C,c, A ida) = [Me(A,ida)~ ]*(c)
= [(refliaia, ]f( )
[refl(AldA]

idp((aida))(c

)
p
)

= idc(aiay)(c)
c.



Corollary
If f: X ~ A, then IdtoEqv(X,ua’(X,f)) = f.

Proof.
We define C(X, f) = IdtoEqv(X,ua’(X,f)) = f. Since

C(A,idA) = IdtoEqv(A,ua'(A, idA)) =1ida
= IdtoEqv(A,refly) =ida
= idA = idA,

we have that refliq, : C(A,ida), and we use the Theorem.



Concluding remarks

> The proximity of UA to the J-rule is shown here also from the
categorical point of view. Both admit a Yoneda-lemma
formulation.

» The strong Yoneda lemma-formulation of univalence supports
the definitional approach to the computational rules associated
to the judgements of type theory. It is also used to construct
Voevodsky's formulation of univalence.

» We need to check sY-UA in models of UTT.
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