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Problem statement

Cat. of contexts Cubical sets Simplicial sets Cubical sets
Notion of fibrancy Kan Segal Discreteness
Gen. left maps ucg spine C simplex (3!) PxI—
Closed fibrant types? || oo-Groupoids Categories Sets
4 preserves if A fibrant if A Conduché YES
fibrancy? “composite C simplex”
Fib. repl. commutes NO NO YES
with substitution?

How to get YESses everywhere?
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Kan fibrancy of I1

Bezem, Coquand & Huber (2014), Huber’s Lic/PhD (2015/2016)
Abbreviate

@ bij:=fij(aij)

@ Fij:=(x:Aij)—Bijx

@ Bij:=Bij(aij)
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Kan fibrancy of I1

Bezem, Coquand & Huber (2014), Huber’s Lic/PhD (2015/2016)

Abbreviate
@ bij:=fij(aij)
@ Fij:=(x:Aij)—Bijx
@ Bij:=Bij(aij)

f1j 1j b1j
f10— ——fFf11 alo ali b10— ——b11
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The Segal condition

T € sSet satisfies Segal
condition if Vn, 7.3!7':

AT

r/

AT

Then T is essentially a category.
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The Segal condition

T € sSet satisfies Segal [+ Ttype is Segal fibrant if
condition if Vn, 7.3!7": Vn,y,7.317":
AT AN—sT.T
& 7
T T
A" A"——T
Y
Then T is essentially a category.

g

. S
gof  hog
gof hogof
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Characterizing Segal types

If I - Ttype is Segal fibrant then:
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Characterizing Segal types

If I - Ttype is Segal fibrant then:
@ Points x : A° — I map to categories T|[x],
@ Arrows ¢ : A — I map to pro-functors' T[¢] : T[x] » TI[y],
e Triangles A? — I map to pro-functor morphisms
Tlxlo Tle] = Ty

Tly]
T[tp]\ A N /T[x]
e ﬂ O
T o Tl

@ Higher simplices map to commutative diagrams of pro-functor
morphisms.

'i.e. functors T[x]°P x T[y] — Set
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Segal fibrancy of I

Giraud (1964)

Abbreviate
@ p=ra
@ F=(x:A)=Bx
@ B:=Ba
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y]

V w
fx] 2]
of type
Fly]

Flol \ /
VAR RN

F[x] ————> F[7]
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Segal fibrancy of 1

Giraud (1964)
Abbreviate
@ bhi=fa
@ F=(x:A)=Bx
@ 5:=8Ba
V w
maps
fix] — — — — — — > f[2] ax] ——— > a[7]
aly]
of type of type
Fly] Aly]

Flol \ / \/ Flx] Al \ / \/ Alx]
A TN / N

Fix Fiv] e A i Al
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Segal fibrancy of 1

Giraud (1964)

Abbreviate
@ v=ra
@ F:i=(x:A)—=Bx
@ 5:=8Ba
y]
2N
maps
flx] — — — fﬁ/] — — > f[Z]
of type
Fiyl

Flo] \/
/

Flx]

\/ Flxl
Siial \

——> F[z]
Flyl

alx] ——— = 4l7]

aly]

of

type

Ayl

Alg] \ /
/

Alx]

Alvl

Andreas Nuyts

\/ Alz]
AN

——> AlZ] B'[x]
Y]
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y]
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maps
flx] — — — fﬁ/] — — > f[Z]
of type of type
Fly] Al

Flol \ / \/ Flxl
AEE TN
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Segal fibrancy of 1

Giraud (1964)

Abbreviate
@ v=ra
@ F:i=(x:A)—=Bx
@ 5:=8Ba
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Andreas Nuyts

Robust Notions of Contextual Fibrancy 6/16



Segal fibrancy of 1

Giraud (1964)

Abbreviate
@ v=ra
@ F:i=(x:A)—=Bx
@ 5:=8Ba

vl

V \[Z]‘\

> f[Z]

maps

vl

of type

Fly]

Flo] \/
/

Flx]

\/ Flxl
Siial \

——> F[z]
Flyl

aly]
alp] . 7 alx]
- . to
- EN
alx] — alZ] b[x] b[Z]
of type of type
Al 8'ly]

o, yud ﬂ \/Am s“w]_\__.-” R
/ ConTrché ) Segal \\
Alx] ——> AlZ] B[] ——————————> B[7]
Alv] 8'ly]

In non-dep. cat. theory: aly] := a[x], al¢] = id.

Andreas Nuyts

Robust Notions of Contextual Fibrancy 6/16



Segal fibrancy of 1

Giraud (1964)

Abbreviate
@ v=ra
@ F:i=(x:A)—=Bx
@ 5:=8Ba

vl

V \[Z]‘\

> f[2]

maps

vl

of type

Fly]

Flo] \/
/

Flx]

\/ Flxl
Siial \

——> F[z]
Flyl

a[y]_
alol . 7 e ] t ool -
alx] T) a[Z] blx]
of type
Ayl
Alg] \/ ﬂ‘ \/A[x] B’[w]\__.-'
i / ConTrché
[x] —— AlZ] B'[x]

Alvl

In non-dep. cat. theory: aly] := a[x], al¢] = id.

Andreas Nuyts

Robust Notions of Contextual Fibrancy

bly]
7
N
b[Z]
of type
8'ly]
7 s
.
Segal \\

——> B'[7]
8'[y]

6/16



Segal fibrancy of 1

Giraud (1964)

Abbreviate
@ v=ra
@ F:i=(x:A)—=Bx
@ 5:=8Ba

vl

V \[Z]‘\

> f[2]

maps

vl

of type

Fly]

Flo] \/
/

Flx]

\/ Flxl
Siial \

——> F[z]
Flyl

ay]
a7 t olg]
a[x] T alz] blx] — — —
of type
Ayl
Alg] . / ﬂ‘ \/ Al &'lo] v
. / ConTrché
[x] —— AlZ] B'[x]

Alvl

In non-dep. cat. theory: aly] := a[x], al¢] = id.

Andreas Nuyts

Robust Notions of Contextual Fibrancy

bly]
R
N
b[Ty] — — > b7
of type
8yl
[
Segal \\
——> B'[7]
8'[y]

6/16



Discreteness

T € cSet is discrete if

vo, 7.3
OxI———
o

Then T is essentially a set.
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Discreteness

T € cSet is discrete if [+ Ttype is discrete if
v, .37 Vo, y, .31t
OxI-— OxI—>T.T
e 7
> b ——=T
Then T is essentially a set. (Identity extension lemma)
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Abbreviate
@ F:=(x:A)—Bx
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Discreteness of I
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Discreteness of I

Reynolds (1983), Atkey, Ghani & Johann (2014)

Abbreviate
@ F:=(x:A)—Bx
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Discreteness of I

Reynolds (1983), Atkey, Ghani & Johann (2014)
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Fibrancy of 1 in general

Let n : A = A be a generating left map.

(yn,Ab) (YTI ida,b)

F MNAB NA[M] ——— A B
n (y/lb’ 1.ida (yldA b’
A r A.A[}/] —y

So if the pullback 7).id4 of 7] is a left map, we're good!
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Fibrancy of 1 in general

Let n : A = A be a generating left map.

(yn,Ab) (YTI ida,b)

F MNAB NA[M] ——— A B
n (y/lb’ 1.ida (y1dA b’
A r A.A[}/] —

So if the pullback 7).id4 of 7] is a left map, we're good!

Definition

Class of right maps is robust if generated by some left maps whose
pullbacks are also left maps.
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Discreteness is robust.

Proof:

Andreas Nuyts

Robust Notions of Contextual Fibrancy
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Force Kan fibrancy to be robust?

° ° ° °
—

° °

J
4 4

° ° ° °
—

. .

Then everything is equal!
(That’s bad.)
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Contextual fibrancy

O F Afib if:
N—— @ A
A ~T.0O
v r
for all gen. “damped” left maps.
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Contextual fibrancy
Definiion

O F Afib if: Contextual fibrancy is robust if

generated by some ‘damped left
—T.0A maps’ whose pullbacks

A

l’ ‘L \U/X\u/\ﬂ
A4>r@ J{J
v

\L |
for all gen. “damped” left maps.

A
l UV xy A——A
I v J{
\

are also damped left maps.
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Contextual fibrancy
Definiion

O F Afib if: Contextual fibrancy is robust if
generated by some ‘damped left
N——T.0A maps’ whose pullbacks
l’ ‘L g Xy AN——=A
A——>T.0 l - J{
l’ ‘L U4 Xy A——A
| r \L | J{
for all gen. “damped” left maps.
g P p N v
are also damped left maps.
[ - Atype
I.A©+ Bfib .
T|OF NABfib "~ °°
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Contextual Kan fibrancy [BT17]

U= O= =
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Contextual Kan fibrancy [BT17]
U= O= =

aj

ao ail

of type

Alj

A10 Al1

AiO

A0O

Ait

AO01

AOj
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Contextual Kan fibrancy [BT17]

U= O= =

aj

ao ail

of type

Aj

A0 A1

A0 A1
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Contextual Kan fibrancy [BT17]

U= O= =
ao aJ ai
ao ai
ao - ai

aj

of type
A0-21 Aq
A0 Y A1
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Contextual Kan fibrancy [BT17] Contextual Segal fibrancy
U—D0—— AT — A" — AT

aj

ao ail

ao ai

ao - ai
aj

of type

A0 A

A0 A1
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Contextual Kan fibrancy [BT17] Contextual Segal fibrancy
U—D0—— AT — A" — AT

ao 2J ai
ao ail
ao by ai
a] 4]
of type of type
Aly]
[w//WT\\Am
/ Concruche \
Al —— AlZ]
A0 27 A1 [v]
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Contextual Kan fibrancy [BT17] Contextual Segal fibrancy
U—D0—— AT — A" — AT

aj

ao ai
ao ail
ao by ai
] —— ]
of type of type
N Alz]
A0 A1 A[w]\/
-
A | A
A b Al
/
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Contextual Kan fibrancy [BT17] Contextual Segal fibrancy
U—D0—— AT — A" — AT

ao al ai
alZ]
a0 2 avl 7
ao aj ai
ajx alz
o] > ald
of type of type
» Alz]
A0 A4 Al 7 \
-
Alx | Alz
AO—— AT K AlY] =
Aj
I'|- = Tfib: Compose 1 heterog. line with multiple homog. lines. J
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Definition (Contextual fibrant replacement)

ok Ttype
inR
v f rl® - Re Tib
morph
P
vrer siib
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Definition (Contextual fibrant replacement)

[.©F Ttype
inR
v f MNe+r ReTfib
morph‘____.,“..,..
/_31 f
vV T|©+ Sfib
(Defined up to isomorphism.)
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Natural in T': (Re T)[c] =2 Re(T[o]).

Proof (c=n:T.A—=1).

IA©+ T[r]type ok Ttype
% inR
f rA©+F (RgT)[n]fib < swap f reF ReTfib
P f’ /_ swap f
r.A©F Sfib re + nAsfib
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Take home message

Robustness:
o Makes NABfib if Bfib,
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Take home message

Robustness:
o Makes NABfib if Bfib,

@ Makes R natural,
@ Is more achievable with contextual fibrancy.

Is robustness “exactly” what can be internalized?

Thanks!

Related talk:
On HITs in Cubical TT
Coquand, Huber & Mértberg
(Wednesday @ LICS)

Questions?
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