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There is recent interest in modal dependent type theories, e.g. guarded type theory [1],
nominal type theory [8], clocked type theory [7], cohesive type theory, crisp type theory [9], and
spatial type theory [5]. In this work we describe the model theory of Fitch style modal dependent
type theories which allows as to treat modalities which are not necessarily (co)monadic. These
include nominal type theories, guarded type theory and clocked type theory. The goal of
this work is to isolate and study a common construction of these modal type theories. The
construction centers around an adjoint pair of operators, where the left adjoint is an operation
on contexts and the right adjoint is an operation on families. For example in nominal type
theory [8] these are given by the rules

Γ ` n /∈ Γ

Γ, [n : N]

Γ, [n : N] ` A

Γ ` N[n : N]A

One can then think of the model construction of these calculi as one of finding a dependent
form of the adjunction

LA→ B

A→ RB

That is, when the function space is given by a Π-type.
We formulate the theory of these dependent adjunctions in the (aptly named) Categories

with families with dependent right adjoints (CwDRA).

Definition 1 (CwDRA). A CwDRA is a CwF [4] with the following added structure:
A functor L:

Γ `
LΓ `

γ : ∆→ Γ

Lγ : L∆→ LΓ
Lid = id L(γ ◦ δ) = Lγ ◦ Lδ

An operation on families:

LΓ ` A
Γ ` RΓA

(RΓA)[γ] = R∆(A[Lγ])

An invertible transpose operation on elements of families:

LΓ ` a : A

Γ ` a : RΓA

Γ ` b : RΓA

LΓ ` b : A
a[Lγ] = a[γ] a = a
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Although not provided here, we also describe a syntax and term model of CwDRA which
can be seen as a dependent version of the ones in [3].

In the model construction of these type theories it is often the case that one starts with
adjoint pair of endofunctors on the category of contexts. It is then natural to ask, what are the
sufficient (resp. necessary) conditions under which this adjunction lifts to a dependent adjunc-
tion? We give the answer to the first question “sufficient conditions” by another construction
called CwF+A. Where the ‘A’ stands for adjunction.

Definition 2 (CwF+A). A CwF+A is a CwF with an adjuntion L a R on contexts along with
a lifting of the right adjoint to families, i.e.

Γ ` A
RΓ ` RA

Γ ` t : A

RΓ ` Rt : RA
RA[Rγ] = R(A[γ]) Rt[Rγ] = R(t[γ])

Along with an isomorphism νΓ,A : RΓ.RA→ R(Γ.A)

RpA ◦ νΓ,A = pRA (RqA)[νΓ,A] = qRA νΓ,A ◦ 〈Rγ,Ra〉 = R〈γ, a〉

We call such R a weak CwF morphism.

Lemma 1. A CwF+A is a CwDRA and the two notions are equivalent if the CwF is democratic
(i.e. where every context comes from a type[2]).

Moreover we provide a very general way to construct CwDRAs:

Theorem 1. If C is a lex category and L a R are adjoint endofunctors on C, then the Giraud
construction [6] has the structure of CwDRA.

An important class of examples is given by direct images of geometric endomorphisms
of presheaf toposes. We will explain how this construction extends to a type theory with
(univalent) universes. This will allow us to capture extensions of cubical type theory, such as
guarded cubical type theory [1], in a natural way.

References
[1] L. Birkedal, A. Bizjak, R. Clouston, H. B. Grathwohl, B. Spitters, and A. Vezzosi. Guarded cubical

type theory. Journal of Automated Reasoning, 2017.
[2] Pierre Clairambault and Peter Dybjer. The Biequivalence of Locally Cartesian Closed Categories

and Martin-Löf Type Theories, pages 91–106. Springer Berlin Heidelberg, Berlin, Heidelberg, 2011.
[3] Ranald Clouston. Fitch-style modal lambda calculi. CoRR, abs/1710.08326, 2017.
[4] Peter Dybjer. Internal type theory, pages 120–134. Springer Berlin Heidelberg, Berlin, Heidelberg,

1996.
[5] D. R Licata, I. Orton, A. M. Pitts, and B Spitters. Internal universes in models of homotopy type

theory. FSCD’18, 2018.
[6] P. L. Lumsdaine and M. A. Warren. The local universes model: An overlooked coherence construc-

tion for dependent type theories. ACM Trans. Comput. Logic, 16(3):23:1–23:31, July 2015.
[7] Bassel Mannaa and Rasmus Ejlers Møgelberg. The clocks they are adjunctions: Denotational

semantics for clocked type theory. 2018.
[8] Andrew M. Pitts, Justus Matthiesen, and Jasper Derikx. A dependent type theory with abstractable

names. Electronic Notes in Theoretical Computer Science, 312:19 – 50, 2015. Ninth Workshop on
Logical and Semantic Frameworks, with Applications (LSFA 2014).

[9] M. Shulman. Brouwer’s fixed-point theorem in real-cohesive homotopy type theory. Mathematical
Structures in Computer Science, pages 1–86, 2017.

2


