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Part I: Classifying types (jww Ulrik Buchholtz)



Overview

Definition of RP".
Definition of CP".

Principal H-spaces.

v

v

v

v

The general projective space construction.

v

The principal H-space structure of loop spaces.

v

Principal H-spaces are pointed connected types.






> For each n: N there is an equivalence
S" =~ Z(XIRP”) COVg(X).

In other words, RP"*! is obtained by attaching an (n + 1)-cell
to RP".

» We obtain the long exact sequence
- — 1 (RP") — m(2) — m(S") — m(RP") — - -+
Since m,(2) = 0 for k > 1, we get the isomorphisms
Tk(S") = m (RP")

for k > 2.

» The map
covy” : RP*® — Uy

is an equivalence.



OSI : Ugl — U
such that Z(A:Usﬂ Og1(A) x A is contractible

CP:N_;—>U
COVgt H(HZN_l) CPn — USI

orientg : H(n:N_1) H(x:(cpn) Og1(covg (x))

Z(X:CP") C°V§1 (X) —1

| -

CP" —— Pt

COVSI

S av.) Ost(A)
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> For each n: N there is an equivalence
S2MY = 3 (cpr) COVEL(X).

In other words, CP"*1 is obtained by attaching an
(2n + 2)-cell to CP".
» We obtain the long exact sequence

- — TFk+1(CPn) — Wk(Sl) — Wk(S2n+1) — 7rk((CP") ..

Since 7, (S!) = 0 for k > 2, we get the isomorphisms
7Tk(g2n-i-1) — Wk(CPn)

for k > 3.

» The map
covgi : CP™ — Z(A:USI) Og1(A)

is an equivalence.



Definition
A principal H-space structure on a type X with base point 1y,
consists of

1. a type family Ox : Ux — U of orientations,
2. a canonical orientation ox : Ox(X),
such that the type
>_(auy) Ox(A) x A
is contractible.

The classifying type of a principal H-space X is defined to be
BX = Z(A:UX)OX(A)'

This is a pointed connected type with loop space X.



The general projective space construction

P(X):N_; = U
covy : H(n:N_l) P(X)“ — Ux
orientx : H(n:N_1) H(X;P(X)n) Ox(covk(x))

> (xp(x)ny OV (X) ——— 1

S

P(X)" ———— P(X)™!

COVX

>_(auy) Ox(A)

(cov orient )



> For each n: N there is an equivalence

XA o 57 by covk (X)-

» We obtain the long exact sequence

= T (PX)) = m(X) = m(XC) = m(PX)") — -

» The map
covy : P(X)>* — BX

is an equivalence.



Lemma
Any loop space can be given the structure of a principal H-space.

Proof (Definition of the type of orientations).
Define P : X,, — Type by P(x) := (x = xg). Then we have

Q(X) 1 Ux
o=
1 P > Xxo P UX

Now take

Ox(A) = fibp(A)
Ox(Q(X)) = <X0, refIQ(X))



Proof of the contractibility property.
We have a commuting triangle

XXo = Z(
R %
Ux

Therefore, the following are equivalent
> X (aux) Ox(A) x A'ls contracitble
> Z(X:XXO) P(x) is contractible

A:Ux) fibp(A)

The latter is obvious.



Observation: By the projective space construction, BX is
equivalent to a small type, for any principal H-space X.

Theorem
The map B from principal H-spaces to the type of (small) pointed
connected types is an equivalence.

Theorem

The type BX classifies the oriented X-bundles over types:

For any f : A — B with the property that |/fibs(y) = X|| for all
y : B, the following are equivalent:

> the type of all maps P : B — BX for which the square

|

BX

W — >

S
—
P

is a pullback square
> the type [ ](,.5) Ox(fibf(y)) of X-orientations of f



Part IlI: The join construction



Overview

v

The join construction

v

The modified join construction

v

The construction of the modality of O-separated types

v

Principal equivalence relations

v

The type of principal equivalence relations on X is equivalent
to the type of surjective maps out of X.



Theorem
If f is M-connected and g is N-connected for two types M and N,

then f x g is (M x N)-connected.
Corollary

If f is m-connected and g is n-connected for m,n: N, then f x g is
(m + n+ 2)-connected.



Definition
For any f : A — X, we define a sequence

i i I;
Ao ° A1 ! Ao RS
1 *2
f*N* l %
£*3
X

The function f*" is called the n-th join-power of f.

Construction.
We take Ag := 0, with the unique map into X. Then we define
Ani1 = Apxx A, and F*(111) .= fn g f O



For example:
> In the real projective case:

» RPl — RP" *xppe 1, and

> covl = (covg)*(nt)

> In the complex projective case:

» CP"! = CP” %¢p 1, and

> covl = (covd, ) (1)

> In the general projective case:

> P(X)n+1 = P(X)n *BX 1, and

> covl = (cov})*(n+1)



Theorem

The sequential colimit f**° is an embedding, and has the universal
property of the image inclusion.

Corollary

The sequential colimit of the type sequence
0 —— A3 Ax A" Ax (Ax A) -0 ..

has the universal property of the propositional truncation.



Definition
A type X, which may itself be large, is said to be locally small if for
all x,y : X, there is a type x =" y : U and an equivalence of type

(x=y)=Kx="y)

Examples of locally small types include:
> all types in U,
» the universe U,
> mere propositions of any size,
> for any A: U and any locally small type X, the type A — X.






Theorem
Assumptions:
» U is a univalent universe closed under graph quotients,
> let X be a locally small type,
> letf:A— X with A: U,
Then we can construct a type im’(f) : U, a surjective map
q; : A—im’(f), and an embedding i} : im’(f) — X such that the
triangle

!

AT im(f)

commutes, with the universal property of the image inclusion of f.



Applications of the modified join construction

Corollary

For any Propy-valued equivalence relation R : A — A — Propy
over a type A : U, the type A/R :=im’(R) : U has the universal
property of the quotient.

Corollary

The Rezk completion of any small precategory A can be
constructed in any univalent universe that is closed under graph
quotients, and the Rezk completion of any small precategory is
again a small category.



Definition
A type A: U is said to be O-separated if the type a= b is
O-modal, for any a, b : A.

» Any (n+ 1)-truncated type is ||—|| -separated.
Definition
Let O be a modality and let A: U. We define the reflexive relation
I5(A) : A— A— U by

I5(A)(a, b) := O(a = b).



Theorem
For any type A and any a : A, the type

2o (Pimi(io(ay) P(a)
is contractible.

It follows by the encode-decode method that

O(a = b) = (Io(A)(a) = Io(A)(b))-

for any a, b : A.



Definition
Let O be any modality on U, and let A: U. We define

O1(A) :=im’(I5(A)).
Furthermore, we define the modal unit 7+ by

10+(A) = ) a)-

Theorem
The operation O defined in this way is a modality.

Corollary

The n-truncations are definable operations in a univalent universe
closed under graph quotients.



Definition
A principal equivalence relation on a type A consists of

> A binary relation R : A — (A — U) with a proof
p: I1(a:a) R(a,a) of reflexivity,
> A type family
Og :im'(R) — U

of R-orientations on the predicates P : A — U in the image of
R, with a canonical R-orientation

OR : H(a:A) OR(R(a))’

such that the type

>_(Pim'(R)) OrR(P) x P(a)

is contractible for every a: A.



> A principal equivalence relation on 1 is the same thing as a
principal H-space.

Definition
Given a principal equivalence relation R on A, we define the
quotient

A/R = Z(P:im/(R)) OR(P)

We define the quotient map qr : A — A/R by

qr(a) = (qr(a), or(a)).



We obtain a map Q4 from the type of principal equivalence
relations on A to the type of surjective maps out of A.

Theorem
For each type A, the map Qa is an equivalence.



