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Syntax

t,A,e:= 1|Prop|Set|Grpd | *3
|P—- Q|A< B|G< H|Grpd~3 Grpd|a~e b
|t | x| (Mx:A)B | (Ex:A)B | Ax:A.t| st | (s, t) | mit|mot
| * | M*[x,x", x*:A*.B* | *[x,x", x*:A*.B* | ~* A* B*
() [ €°(s) | (1) | e (s,0) | € (s) | € (1)
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Equality = Path substitution + transport
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Equality = Path substitution + transport

x: Ak B(x):%* a*ta~yad x:A-b:B a*ta~yad

B(a*):B(a)~B(a) b((a*) : b(a) ~g(a*) b(a")

» Let B(x):=a=~p x. Given a:a~yad’, o’ :a" ~4 a”, we have

B(a') : (a~ad)=~(azaad”)
aca’=B(a') (@) : azpa”
» Let B(x) :=x ~p a. Given a:a~4 a’, we have
B(a) : (a=aa)=(a'=aa)

at=B(a) (r(a) : (d'=aa)



Equality = Path substitution + transport

X

AR B(x):x a“:ia~pd x:Arb:B a*:ra~yad

B(a*):B(a)~B(a) b((a*) : b(a) ~g(a*) b(a")

v

Let B(x):=a~a x. Given a:a~ya’, o’ :a" ~4 a”, we have

B(a') : (a~ad)=~(azaad”)
aca’=B(a') (@) : azpa”
» Let B(x) :=x ~p a. Given a:a~4 a’, we have
B(a) : (a=aa)=(a'=aa)

at=B(a)" (ra)) : (d=aa)
Let b: B, with x ¢ FV(b, B). Given a:a~4 a’, we have
((B):=B(a)=B() : B=B
r(b):=b(a)=b() : b~phb

v
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Atex= % | x|MNx:AB|XIx:AB
| Ax:A.t | st | (s, t) | mit| mot



Atiex= » | x|TxAB|YXxAB|A~B|a~eb
| Ax:Act | st | (s, t) | mit | mot
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Atiex= » | x|TxAB|YXxAB|A~B|a~eb
| A:A.t | st| (s, t) | mt|mot
| %) M [x,x", x*:A*.B* | Z*[x,x", x*]:A*.B* | ~* A* B*
A x B:x

:A~B .
A~ B » (~-Form) ~e.:eA S B (~-Elim)

Given A*: A~ A’ B*: B~ B’, one can construct:
b x*A*B* : (Ax B) = (A x B)
» >*A*B*:(A->B)~ (A'> B
» 2" A*B* (A= B)x (A = B)



Atiex= » | x|TxAB|YXxAB|A~B|a~eb
| A:A.t | st| (s, t) | mt|mot
| %) M [x,x", x*:A*.B* | Z*[x,x", x*]:A*.B* | ~* A* B*
A :;: 5 :B*: *_ (~-Form) Ne.;e,:AA_fBBa — (=-Elim)

Given A*: A~ A’ B*: B~ B’, one can construct:

» x*A*B* : (AxB)~(A"xB')

» >*A*B*:(A->B)~ (A'> B

» 2 AB* (A~ B)~ (A~ B)

AR




Reduction rules

(Ax:At)a —  t[a/x]

mi(s1,%) — s

A~pB — A~B
fomepoxr o JAnB (xxr ) [ —  MNaANa"AMNa" 1a~p a'.
X ~Bx(a,a",2%) f'x'
P s [xox x4 B (xx i) P~ LT imip~as mp
2P ~B* (mp,miplat) T2P
en~uwipgr € — NaAld:AMNa* :a~p &
Nb:BNb:B'Tb* : b~pg« b’.
(a~eb)~(a ~e b')



Extensional equality of closed types

THEOREM. There is an operation (-)* : Terms(\~) — Terms(A=)
such that
T-M:A = "M :M~p M
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Extensional equality of closed types

THEOREM. There is an operation (-)* : Terms(\~) — Terms(A=)
such that

TEM:A = "M :M~p M
In particular,

» For any closed type + A : %, there exist
FAT ¢ A~A
vpoi= ~(AY) 0 Ao Ao x

» For any closed term + a: A, there exists

*

a’ 1 am~pa



Our goal

Restricting to a low dimension, work out a system for computing
with equalities which is

» Simple and intuitive
» Amenable to formalization

» Feasible to scale to the next dimension, in principle
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t,A ex== 1|Prop|Set|Grpd| *3

|P—- Q|A< B|G< H|Grpd~3 Grpd|a~e b

|t | x| (Mx:A)B | (Ex:A)B | Ax:A.t| st | (s, t) | mit|mot
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[r(t)[e"(s)[ e (t) [ e (s.t) | € (s) | e(t)

Aix,  Brixg

a:A b:B e:A~ B

A~y Bk

a~e b: *k-1
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t,A ex== 1|Prop|Set|Grpd| *3
|P—- Q|A< B|G< H|Grpd~3 Grpd|a~e b
|t | x| (Mx:A)B | (Ex:A)B | Ax:A.t| st | (s, t) | mit|mot
|+ | [x, X, X A" B* | £*[x, X', x*]:A*.B* | ~* A* B*
() | €°(s) | (1) | e (s,0) | B (s) | & (1)

A:tx,  Brixg a:A b:B e:Ax B
A~y Bk a~e b

%9 = Grpd A':z B = A< B
*1 = Set AﬁlB = AC)B
*9 = Prop AxB = A< B

1 = 1 azpad = a~ad



Typing rules

ke{0,1,2,3)
= kg1t *g

FHA: s Mx:Ar B:xg J,ke{0,1,2}

M- x:A.B: *max(j,k)

F-A:x Mx:Ar B:xg J,yke{0,1,2}

I_I—FIX:A.B:{U i=2=k+1

%) otherwise



Typing rules

M= A, ke€{0,1,2,3}
Mx:Arx:A

rMN-M:A M= B:*y k€{0,1,2,3}
My:B-M:A

FT=A:x, T B:ixg r-M:A A=B ke{0,1,2}

rN-M:B



Typing rules

e:A~ B ke{0,1,2}
et:A- B
e :B-A

a:A b:B e:Ax B ke{l1,2}

e (a,b): (a~ae (b)) %1 (e"(a) 2 b)
€ (a):a~e e(a)

e(b):e (b) ~ca

Aky a:A ke{0,1,2}
r(a):a~aa




Substitutions

NxArt:B N-a:A
[+ t[a/x]: Bla/x]

NA+t:B [3/X]FT = A

[+ t[a/%]: B[3/X]




Substitutions

MxArt:B M-a*:a~yad

M= t[a//x]: tla/x] ~plaryyx t[a'/X]

NA+-t:B

a//x [a/X] [&'/x]-T=A
I:

I |:
M- t[3)/x]: t[3]X] ~gpa+ 2] t[E/X]




Substitutions

irIM=>o

TGO



Substitutions

[3/]-T=A  T,A[3/%]+r b:B[5/X]
[3,b/x,y]-T=A,y:B

[3,b/%,y],[&,b'|%,y]-T=A,y:B
[3%//x]: [a/%] = [d /3] - T = A
[A[E /K] - bt b~ e b
(&%, b%/[%,y]:[4,b/%,y] =

(8,0 /x,y]FT=A,y:B



The intended model

Our system has a natural set-theoretic semantics:

> [Prop] = {0,1};
» [Set] = V,, for strongly inaccessible x;

v

[Grpd] = the collection of (locally) k-small groupoids;
pl=lq = 1ff(p, 9);

A[<]B =1so(A, B);

G[<]H=Eq(G,H);

» [(Mx:A) Bl = aepaj[Blx-a

» [(Zx:A)B] = Uaepay[Blx:=a

v

v

v



A strict model

Similar to the previous one, except
» [Grpd] = V., where k' > k.
> [l =Tl =1~ = (=zF)
» This model actually validates the rule

a~r(A) b
a=»>b



A meta-theoretic fact

PROPOSITION. Let ' A:Prop. Let B be such that

I x:A A+ B:Set
or I x:A, A+ B:Grpd

Then B is convertible to a term where x does not occur.
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The problem of definitional equalities

» A central issue arising in formalization of type theories is the
interpretation of definitional equalities.

» One approach consists of interpreting all equalities
propositionally — including beta conversion, and the
substitution lemma

[[M[N/X]]]p = [[MHP,XHHNHP

» The conversion rule is thereby not validated “on the nose”:
if A, B are convertible types, the interpretation of M : A
is coerced from [A] to [B] by identity elimination.

» Due to this mismatch, it becomes necessary to prove
coherence of interpretation with respect to all equalities —
major pain in the brain!



"Kipling" -style formalization

» In “QOutrageous but meaningful coincidences”, McBride
(2008) shows how dependent type theory can be interpreted
in itself preserving all definitional equalities.

» The heart of the idea: all binders in the language are indexed
by the interpretation of their domains. In particular, types A
in context [ are families indexed by [I7].

» In particular, if x: A+ B(x):*, and + (a,a") : Ax A, then
[B(mi(a,a"))] =[B(a)], since [r1(a,a’)] = [a]-

» Using McBride's technique, we formalized a strict

interpretation of A~ into a semantic universe defined by
induction-recursion.



Recognizing degeneracies

» Definitional equalities are instances of degenerate paths.

» Once these are added into the syntax (in the form of the
r(t)-constructor), a strict interpretation must preserve them
as well.

» This requirement already raises problems when one wants to
lift the model to the level of setoids.



Strict fibrations

» A setoid is a type A with an equivalence relation
At Ao Ao ox
» A fibration of setoids consists of:

» A family of setoids B(x) indexed by x : A;
» For each e:a~, a’, a setoid isomorphism

B(e): B(a) ~ B(a")

» The map e — B(e) must be functorial.
» In particular, B(r(a)) should be exactly the identity
isomorphism.

» This last condition is related to “decidability of degeneracies”.



Our approach

» The contexts " are interpreted by freely generated setoids:
these are given as the setoid of paths in a graph.

» The fibration of a setoid over a freely generated one need only
specify isomorphisms over the generating edges.

» This data generates a strict fibration over the generated
setoid.

» Context extension preserves the property of being freely
generated.



Conclusion

» A new type system for reasoning about equalities up to the
groupoid level.

» A strict formalization of A\=~.
» A strict formalization of the A~y up to setoids (in progress).

» A strict formalization of the A~y (prospective).
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